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DIEGO CONTI 

Abstract. We consider hypersurfaces in Einstein-Sasaki 5-manifolds which 
are tangent to the characteristic vector field. We introduce evolution equations 
that can be used to reconstruct the 5-dimensionaI metric from such a hypersur- 
face, analogous to the (nearly) hypo and half-flat evolution equations in higher 
dimensions. We use these equations to classify Einstein-Sasaki 5-manifolds of 
cohomogeneity one. 



Introduction 

From a Riemannian point of view, an Einstein-Sasaki manifold is a Riemannian 
manifold {M,g) such that the conical metric on M x R+ is Kahler and Ricci-flat. 
In particular, this implies that (M, g) is odd-dimensional, contact and Einstein 
with positive scalar curvature. The Einstein-Sasaki manifolds that are simplest to 
describe are the regular ones, which arise as circle bundles over Kahler-Einstein 
manifolds. In five dimensions, there is a classification of regular Einstein-Sasaki 
manifolds jl2| . in which precisely two homogeneous examples appear, namely the 
sphere and the Stiefel manifold 

(1) 1^2,4 = SO(4)/SO(2) = X 53 . 

In fact these examples are unique (up to finite cover), as homogeneous contact 
manifolds are necessarily regular 0. Among regular Einstein-Sasaki 5-manifolds, 
these two are the only ones for which the metric is known explicitly: indeed, the 
sphere is equipped with the standard metric, and the metric on V2.4 has been 
described in [20]. Notice however that both and x carry other, non- 
regular Einstein-Sasaki metrics [H [5] . 

Only recently other explicit examples of Einstein-Sasaki manifolds have been 
found, as in [13] the authors constructed an infinite family Y^''^ of Einstein-Sasaki 
metrics on x (see also [1^ for a generalization). These metrics are non- 
regular, and thus they are not included in the above-mentioned classification. The 
isometry group of each yP'? acts with cohomogeneity one, meaning that generic 
orbits are hypersurfaces. In this paper we give an alternative construction of the 
y^^', based on the language of cohomogeneity one manifolds. In fact we prove 
that, up to finite cover, they are the only Einstein-Sasaki 5-manifolds on which the 
group of isometries acts with cohomogeneity one. In particular, this result settles 
a question raised in [M], concerning the family of links L(2,2,2,/c), k > defined 
by the polynomial 

The homogeneous metrics mentioned earlier provide examples of Einstein-Sasaki 
metrics on L{2,2,2,k), k = 1,2 such that the integral lines of the characteristic 
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vector field are the orbits of tlie natural action of U(l) with weights {k,k,k,2). 
The authors of 14J show that for fc > 3 no such metric exists. Since L{2, 2, 2, 3) 
is diffeomorphic to S^, and a metric on L(2,2,2, 3) of the required type would 
necessarily be of cohomogeneity one, our classification extends this result to fc > 3. 

In five dimensions, another characterization of Einstein-Sasaki manifolds is by 
the existence of a real Killing spinor or, more precisely, a spinor satisfying 

where V is the Levi-Civita connection and • denotes Clifford multiplication. Such 
a spinor exists on every Einstein-Sasaki manifold in any dimension. The converse 
only fails to be true to the extent that a complete simply-connected Riemannian 
manifold which admits a real Killing spinor but no Einstein-Sasaki structure is 
either a sphere S*^", a 7-manifold with a nearly-parallel G2 structure or a nearly- 
Kahler 6-manifold [l\ . In all of these cases the metric is Einstein with positive scalar 
curvature. Thus, Einstein-Sasaki manifolds can be viewed as part of a slightly more 
general class. We shall not make much use of the spinor formalism in this paper, 
because once one fixes the dimension, the spinor can be replaced with differential 
forms. However, the characterization in terms of spinors establishes an analogy 
which is suggestive of the fact that the methods of this paper can be adapted to 
the nearly-Kahler case, potentially leading to the construction of non-homogeneous 
nearly-Kahler 6-manifolds. This expectation is supported by the fact that the 
corresponding exterior differential system is involutive in the nearly-Kahler as in 
the Einstein-Sasaki case. As far as the author knows, the only known examples 
of nearly-Kahler 6-manifolds are homogeneous (see [7] for a classification) . On the 
other hand, cohomogeneity one nearly-parallel G2 manifolds are classified, and none 
of them is complete [5] . 

Our method to classify cohomogeneity one Einstein-Sasaki 5-manifolds consists 
in considering a generic orbit, which by hypothesis is a hypersurface. We prove 
that it is tangent to the characteristic vector field; this fact enables us to define 
an induced global frame on the hypersurface, and write down certain equations 
that it must satisfy. Resuming the analogy with higher dimensions, these equations 
correspond to the nearly hypo and nearly half-flat equations of [llj . In general, 
a hypersurface in an Einstein-Sasaki 5-manifold (which we take to be tangent to 
the characteristic vector field) determines the Einstein-Sasaki structure locally. We 
express this fact in terms of evolution equations like in [161 El E] ■ These evolu- 
tion equations are of independent interest, as their solutions correspond to local 
Einstein-Sasaki metrics; the fact that a solution always exists for real analytic ini- 
tial conditions is not obvious, but it follows from the exterior differential system 
being involutive. However, this is not essential to our classification: all we need to 
do is find all homogeneous solutions of our nearly- hypo- like equations, and solve the 
evolution equations explicitly in an interval (t_,t+), with these solutions as initial 
conditions. Having done that, we prove that for suitable choices of the parame- 
ters the resulting metric can somehow be extended to the boundary of (t_,f+), 
leading to cohomogeneity one manifolds with an invariant Einstein-Sasaki met- 
ric. Conversely, all such Einstein-Sasaki 5-manifolds are obtained this way. This 
construction is similar to the one of [Sj, where cohomogeneity one manifolds with 
(weak) holonomy G2 were classified. However, such manifolds are non-compact, in 
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sharp contrast with our case. Indeed, the metrics we obtain appear to be the first 
compact examples obtained by an evolution in the sense of |16j . 

1. Invariant Einstein-Sasaki SU(2)-structures 

In the usual terminology, an Einstein-Sasaki structure on a 5-manifold is a type 
of U(2)-structure. However, simply connected Einstein-Sasaki manifolds carry a 
real Killing spinor T2], which reduces the structure group to SU(2). The relevant 
representation of SU(2) can be described by the diagram 

SU(2)_C ^ SU(2)+ X SU(2)_ Spin(5) 



2:1 



2:1 



SU(2) ^ S0(4) ^ S0(5) 

Giving an SU(2)-structure on a 5-manifold M is the same as giving differential 
forms (a,a;i,a;2, W3), such that locally there exists a basis of orthonormal forms 
e^, . . . , satisfying 



(2) 



Here and in the sequel, we abbreviate Ae^ as e^^, and so on. By [S], the Einstein- 
Sasaki condition can be written 

(3) da — —2 ui , duj2 ~ 3a A uj^ , duj^ — —3a A 102 ■ 

By this we mean that, up to passing to the universal cover, every Einstein-Sasaki 
U(2)-structure on a 5-manifold has an SU(2)-reduction satisfying ([3]). 

Remark. The constant 3 appearing in Equation ([3]) is in some sense not essential: 
one could replace it with an unspecified constant, obtaining a possible definition 
of an a-Einstein-Sasaki SU(2)-structure. Most of our arguments generalize to this 
more general setting in a straightforward way. However, since this paper is mainly 
concerned with cohomogeneity one metrics, we shall focus on the Einstein case, as 
the generalization does not seem to produce any new example. 

We are interested in Einstein-Sasaki manifolds M of cohomogeneity one, namely 
those for which the principal orbits of the isometry group are hypersurfaces. Since 
we require M to be complete, and Einstein-Sasaki manifolds have positive Ricci, 
by Myers' theorem M will be compact with finite fundamental group. We shall 
assume that M is simply connected, which amounts to passing to the universal 
cover. In this hypothesis, we now prove some facts that play an importan role 
in the classification. Recall that the characteristic vector field is by definition the 
vector field dual to a. 

Lemma 1. Let a compact Lie group G act on a contact manifold M with coho- 
mogeneity one, preserving the contact form. Then the characteristic vector field is 
tangent to each principal orbit. 

Proof. Let a be the contact form, and let M have dimension 2n + 1. On every 
principal orbit Gx we have 

(da)" = d(aA(da)""i) ; 
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by Stokes' Theorem, 

= /" (da)" . 

JGx 

On the other hand, (da)" is invariant under G, so it must vanish identicaUy. Now 
observe that at each point x, the characteristic direction is the space 

{X £ T^M I (da)" = 0} ; 

the statement follows immediately. □ 

Lemma 2. Let M. be a compact, simply- connected, Einstein-Sasaki 5-manifold. 
Suppose that the group of isometrics of M acts with cohomogeneity one. Then the 
action of its identity component X preserves the Einstein- Sasaki \J (2) -structure of 
M, and one can define a homomorphism 

e^^ : X -> U(l), LliLU2 + iius) = e'^{g){'^2 + i^a) • 

If I has dimension greater than four, X' = ker e^^ is a ^-dimensional Lie group that 
acts on M with cohomogeneity one, beside preserving the Einstein- Sasaki SU(2)- 
structure. 

Proof. The action of 2 preserves both metric and orientation on M, and therefore 
the spin structure. Thus, X acts on the space of spinors r(I]), and the space 
/C C r(I]) of Killing spinors with Killing constant —1/2 is preserved by T. By 
the assumption on the isometry group, M is not isometric to the sphere. Hence, 
/C is a complex vector space of dimension one (see |12)'). and it determines the 
U(2)-structure of M. The action of I on /C = C determines the homomorphism 

Suppose T has dimension greater than four, and let K be the stabilizer at a point 
of a principal orbit M; by dimension count, K is not discrete. We claim that 

(4) e © i' = i , 

where t, i, i' are the Lie algebras of K, X and T' respectively. We shall prove by 
contradiction that t is not contained in i', which implies ([4]) by a dimension count. 

The principal orbit M has trivial normal bundle, and the unit normal is invariant. 
Since the action of X preserves /C, it also preserves the contact form, and so by 
Lemma [1] the characteristic vector field is tangent to M. Consequently, the unit 
normal is an invariant section of kerajjvf- The structure group SU(2) acts freely 
on unit vectors in M"* = kere^, and so X' preserves an {Id}-structure on M. Hence 
6 C i' acts trivially on i/t, implying that t is an ideal of i. Then the identity 
component of if is a normal subgroup of I, and so it acts trivially on M; since X 
acts effectively, this implies that K is discrete, which is absurd. Thus, ([4]) holds 
and X' acts with cohomogeneity one. 

By the same token, the stabilizer X' has trivial isotropy representation and 
is therefore normal in X' . But then it is also normal in X, which acts effectively, 
implying that X' C\K \s the trivial group and X' acts freely on M . In particular, X' 
has dimension equal to four. □ 

Remark. Part of the argument of Lemma [5] was exploited in [18] to prove that unit 
Killing fields do not exist on nearly-Kahler 6-manifolds other than x . The 
6-dimensional case is simpler in this respect, because Killing spinors form a real 
vector space of dimension one. Thus, a Lie group acting isometrically on a nearly- 
Kahler 6-manifold automatically preserves the nearly-Kahler SU(3)-structure. 
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It will follow from our classification that the isometry group of M has dimension 
five, but we cannot prove it directly. The best that we can do at the moment is the 
following: 

Proposition 3. IfM. is a simply- connected compact Einstein-Sasaki 5-manifold of 
cohomogeneity one, then the Lie group SU(2) x U(l) acts on M with cohomogeneity 
one preserving the Einstein-Sasaki X!) {2) -structure, and each principal stabilizer K 
is a finite subgroup of a maximal torus C SU(2) x U(l). 

Proof. Since the isometry group acts with cohomogeneity one, its dimension is 
greater than or equal to four. If greater, by Lemma [3 there is a four-dimensional 
subgroup that acts with cohomogeneity one. Thus, there is a four-dimensional 
compact Lie group G that acts with cohomogeneity one. Up to finite cover, G is 
either a torus or SU(2) x U(l). Under the projection G G/K ~ M, where M is 
a principal orbit, the invariant one-form a pulls back to a non-closed left-invariant 
one-form on G. No such form exists on a torus, and so we can assume that G is 
SU(2) X U(l). 

Now, the stabilizer K is discrete, because G acts with cohomogeneity one, and 
compact, because G is; hence, K is finite. The tangent space of a principal orbit 
splits as 

TM = Gxk (su(2) e u(l)) =Gxk su(2) ® G x^ u(1) 
into two integrable distributions. Since kera is not integrable on M, 

kera|j\/ ^ G Xa'5u(2) . 

Thus a has a non-zero component in G x^c (su(2))*. On the other hand, the 
subgroup of G that fixes a non-zero element in 5u(2)* is a maximal torus T^. Since 
a is fixed by the isotropy representation, it follows that K C T^. □ 

2. Cohomogeneity one 

In this section we recall some standard facts and notation concerning cohomo- 
geneity one manifolds, referring to [6J for the details. Like in the statement of 
Proposition [21 in this section M is a compact simply-connected manifold on which 
a Lie group G acts with cohomogeneity one. 

By the general theory of cohomogeneity one manifolds, the orbit space M/G is a 
one-dimensional manifold, which by our topological assumptions is a closed interval. 
More precisely, we can fix an interval / = and a geodesic c: / ^ M that 

intersects principal orbits orthogonally, so that the induced map 

M/G 

is a homeomorphism. The stabilizer of c{t) is fixed on the interior of /, and we can 
define 

i?± = Stabc(i±), X = Stabc(t), t e (t^,t+) . 

Then H± D K, and moreover there is a sphere-transitive orthogonal representation 
V± of H± with principal stabilizer K. By the simply-connectedness assumption, 
V± has dimension greater than one, so that H±/K is diffeomorphic to a sphere of 
positive dimension. 

The orbits Gc{t±) = G/H± are called special. In a neighbourhood of each special 
orbit, M is G-equivariantly diffeomorphic to an associated bundle 

(5) GxH^D±ciGxHiV±, 
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where D± is the closed unit disk in V± . One can reconstruct M by glueing together 
two disk bundles of the form ^ along the boundaries, namely along the sphere 
bundles G y.H± dD±. By hypothesis these boundaries consist of a single principal 
orbit; identifying both of them with G/K^ the glueing map is defined by a G- 
equivariant automorphism of G / K . All such automorphisms have the form 

gK -> gaK, a e N{K) . 

It is customary to represent any cohomogeneity one manifold obtained this way by 
the diagram 

(6) Xc{H_,H+}cG. 

Strictly speaking, this diagram does not determine M (up to G-equivariant diffeo- 
morphism), because the glueing map is also involved. However in many cases, e.g. 
if N{K) is connected, any glueing map can be extended to an equivariant diffeo- 
morphism of at least one of the two disk bundles, and so all maps give the same 
manifold up to equivariant diffeomorphism (see [21j for details). 

More specifically to our case, by Proposition [3] if is a finite subgroup of C G. 
Since H±/K is diffeomorphic to a sphere, each H± can be either one-dimensional or 
three-dimensional. However, since M is simply-connected, and H- cannot both 
be three-dimensional (see e.g. [15]). If H± is three-dimensional, then its identity 
component is (i?±)o = SU(2) x {1} and H± = K ■ (i?±)o. Now 

K {H±)o n K 

and thus K O (SU(2) x {!}) is the trivial group. It follows that the tube about the 
special orbit G/H± satisfies 

(7) Gxh± V± =Gx(^^)„y± . 

Concerning the case that H± is one-dimensional, we remark that if one assumes 
that H± is contained in T^, then K is normal in H±. Then K acts trivially in the 
slice representation, and again ([7]) holds. These facts will be used in the proof of 
Lemma |9l 

3. Evolution and hypersurfaces 

We now introduce a convenient language to determine the cohomogeneity one 
metrics in terms of the invariant structure induced on a principal orbit. This section 
is motivated by Section [U but otherwise independent, and should be read in the 
context of evolution equations in the sense of 16j. 

In this section, M is an oriented hypersurface in a 5-manifold M with an SU(2)- 
structure; notice that we make no hypotheses of invariance. Let X be the unit 
normal to M , compatible with the orientations. One can measure the amount to 
which a fails to be tangent to M by the angle 

/3: A/ ^ [-7r/2,7r/2] , sin/3 = t*(a(X)) . 

The relevant case for our classification is /? = (Lemma [IJ. 

Remark. If a is a contact form on M, the angle /3 cannot equal ±7r/2 on an open 
subset of AI, as that would mean that the distribution ker a is integrable. 
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Given a hypersurface t: AI ~* M, one can look for deformations of l that leave 
(3 unchanged. Under suitable integrability assumptions on M, there is a canonical 
deformation obtained by the exponential map with this property. We shall say that 
an SU(2)-structure is contact if the underlying almost contact metric structure is 
contact, i.e. da — — 2a;i, and it is K-contact if in addition the characteristic vector 
field is Killing. There is a well-known characterization of i^T-contact structures [2], 
which in our language reads 

Vxa = ~2Xj Loi yX e TM , 

where V is the Levi-Civita connection. 

Lemma 4. Let M be a K-contact 5-manifold and Zet t: M — > M be an oriented, 
compact embedded hypersurface. Consider the one-parameter family of immersions 
it'. M — > M given by 

Lt{x) = exp,(^)(tX^) , 

where X is the unit normal. Then the angle f3t : M — > [— 7r/2, 7r/2] of the hypersur- 
face (,( : M — i- M does not depend on t. 

Proof. Using the exponential map, we can extend X to a neighbourhood of M , in 
such a way that X is normal to all of the Lt{M) for small t. We must prove 

(8) 4(«W) = ^*(«W), 

which holds trivially for t — 0. By the definition of the exponential map, V xX = 0. 
So, 

CxHX)) - (Vxa)(X) = {-2X^oj^){X) - , 
and (m holds for allt. □ 

With notation from Lemma 21 the exponential map produces an inclusion 

M X {t^,t+) 3 {x,t) -> it (x) e M ; 

with respect to which the Riemannian metric g on M pulls back to a metric in the 
"generalized cylinder form" dt^ -\- tj'g. Using Lemma 21 we can do the same for the 
SU(2)-structure: 

Proposition 5. Let t: M — )■ M be a compact, oriented hypersurface with angle 
(3 — in a K-contact 5-manifold (M, a, Wi). Then there is a one-parameter family 
of {Id} -structures . . . ,r]^{t)) on M satisfying 

and M is locally given as the product M x t+), with SV (2) -structure determined 
by 

a^ff(t), ui^ff'^{t)+ri^{t) hdt , 

W2 = Tf^{t) + rf{t) /\dt , LJ3^ T]^^{t) + rfit) A dt . 

Proof. Let x be a point of Lt{M). Choose a basis e^,. . . ,e^ of r*M such that 
Equations m hold. Using the metric on M, we can write 

T;m^T;Lt{M)(B{dt) , 
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(10) 



where dt represents the unit normal 1-form compatible with the orientations. By 
Lemma m lies in T*Lt{M). We can act on e^, . . . , by some element of SU(2) 
to obtain = dt. Then 

05132 231 ji 4 1—1 

rj — e , r] = e , rj — — e ^ if — e , dt = e . U 

It is well known that Einstein-Sasaki manifolds are i^-contact. In the hypotheses 
of Proposition O assume that (a, w^) satisfy Q. Then it is clear that for all t, the 
following hold: 

(9) drf^-2rf\ dff^^irf^\ d^^^ = -^^if^K 

Thus, every oriented hypersurface in a 5-dimensional Einstein-Sasaki manifold has 
a natural {Id}-structure satisfying ([9]) . By Proposition^ a one-parameter family of 
{Id}-structures satisfying ([9]) is induced on the hypersurface. Conversely, we have 
the following: 

Proposition 6. Let (rj^it)) be a 1 -parameter family of {Id} -structures on M such 
that ^ holds for t — to. The induced S\J (2) -structure on M. — M x is 
Einstein-Sasaki if and only if 

( dtrp = 277I dtrj^^ = -dr]'^ 

[ dtif^ = 3r,°3 _ drf dtv'^ - -377°2 _ drj^ 

In this case, ([9]) holds for all t. 

Proof. Suppose Equations [10] define an Einstein-Sasaki structure on M; then ([9|) 
holds for all t. Equations [3] give 

dt A dtr]° -\- drj^ = da = -2wi = -277^^ - 2r]^ A dt ; 

hence dtrj'^ = 2r]^ . Moreover 

drr'^ ^dth dtrf'^ + dri^ /\ dt ^ duj2 = 3a A = 377°^^ + 2,rf^ A dt , 

and therefore 

dtTi^^ = iif^ - drf ; 

similarly, for ^3 we get 

9t,yl2 ^ _3j^02 _ ^^3 

Since ([3]) implies that uji is closed, we also obtain dr]^ = —dtrf^. So the "only if" 
part is proved. 

To prove the "if" part, it suffices to show that (fTO|) forces ([9]) to hold for all i; 
(lU will then follow from the calculations in the first part of the proof. Observe first 
that 

dtidif + 277^3) = rfa.ryO + 2dtrf^ = , 
so the condition drf — -~2rf^ holds for all t. Using this, we compute 

dt{dri^'^ + 377°^^) = -3d?7°2 - 3r;" A ^77^ = -3^77° A t;^ = 677^^ A t;^ = 
and a similar argument shows that all of ([9]) are preserved in time. □ 



Remark. The evolution equations (|10p are not in Cauchy-Kowalewsky form. Indeed, 
write 'rf{t) = a^j{x,t)rj^, and ^77* — Cjf.rj^'^, where c^j. are functions of x. Then pU]) 
reduce to a system of 22 equations in 16 unknowns; so the system is overdetermined. 
However, it turns out that a solution always exists, at least in the real analytic case, 
as will be proved elsewhere. 
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Remark. Given an {Id}-structure satisfying we can define another {Id}-struc- 
ture satisfying ([9|) by 

(11) (,y",r;\,72^7?3)^(r;",-,;\-ry^-7y3); 

this has the effect of reversing the orientation, and reflects the ambiguity in the 
reduction from Z2 to the trivial group. In terms of the evolution equations, this 
change in orientation corresponds to changing the sign of t. 

As an example, consider the Lie group SU(2) x U(l). Fix a basis e^, e^, e^, of 
left-invariant 1-forms such that 

(12) de^ = -6^3 , de^ = -e^i , de^ = -e^^ , de^ = . 

One can then define a left-invariant {Id}-structure satisfying ([9]) by 

oli,4 14 2I2 3I3 

77=-e-fe, ?7=e, rj = -j=e , rj ^ -j=e . 

The solution of the evolution equations is: 

(13) 7y° = + cos ei , 77^ = --^ sin ei , rj'^ = - e'^ , 77^ = - , 

where we have set e — \/6. The resulting Einstein-Sasaki structure can be extended 
to a compact 5-manifold, which can be realized as a circle bundle over the Kahler- 
Einstein manifold 5^ x S^. Indeed, this is the homogeneous Kobayashi-Tanno 
metric (see [20]) on the space ([T]). To see this, let be another copy of SU(2), with 
global invariant forms satisfying relations analogous to (fT2ll . We can introduce 
coordinates 9, ip, (p on such that 

( — —dil; + cos Odcf) — ~ sin tp sin Odcf) + cos ^pd9 

1 e'^ = cos tp sin 6d(j) + sin ^d9 



(14) 



If we set t= ^9 and identify e"* with ^d(j), then ^ restricted to SU(2) x {-0 = 0} 
becomes 



(15) ^^> = he'+e'), ,;l=-ie~^ - -e\ = -e' , dt = ^e^ . 

O 6 6 6 6 

On the other hand, if viewed as forms on SU(2) x S'^, the forms annihilate a 
vector field which we may denote by ei — ei, and their Lie derivative with respect 
to ei — ei is zero; so, they pass onto the quotient. Thus the forms {a,LUi) defined 
as in Proposition O are invariant under the left action of SU(2) x SU(2), and they 
define a homogeneous Einstein-Sasaki structure on a homogeneous space equivalent 
to H]). Notice that this is not a symmetric space. 

4. Solutions on SU(2) x U(l) 

In this section we classify solutions of ^ on G = SU(2) x U(l) which are in- 
variant in a certain sense. In order to determine the relevant notion of invariance, 
let us go back to the hypotheses of Proposition [3l Thus, G acts transitively on a 
hypersurface M C M; let (77') be the {Id}-structurc induced on M by the invariant 
Einstein-Sasaki structure. Then (77*) pulls back to an {Id}-structure on G which 
we also denote by (77*). By Lemma [2l L* acts on 77^ -t- ifj'^ as multiplication by e*"*". 
So if we set 

and rf = ff ^ vi^ — f]^ ^ then the rf are left-invariant forms on G. 
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The Lie algebra of G is g su(2) © u(l), whose dual will be represented by the 
basis e^, . . . , satisfying (fT2|) . Since g has only one 3-dimensional subalgebra, the 
kernel of e^'^ contains SU(2) x {1}. We can therefore write d'^ = me'* for some 
integer m. In terms of the invariant basis {rf), Equations [9] become: 

(16) V = -277^3, drf^^irf^^+me^Aji^\ drj'^ = -3rj°''^ - me^ A tj^'K 

Observe that the space of left-invariant solutions of ^ or (fTO)) is closed un- 
der right translation. Left-invariant {Id}-structures on G can be identified with 
{Id}-structures on the Lie algebra g, and right translation on G correponds to the 
adjoint action of G on g. Observe also that replacing e^'* with e^^^~^^^ does not 
affect ([9|). Hence solutions of (fT6| are closed under the transformation 

(17) (77", 771,772,773) ^ (rj",Tj\cr]^ + S7j^,-sr]^ + cr]^) 

where c and s are real constants with + = 1. 

The action of Int g and transformations of type ^T7\ , ITTI) commute; they generate 
an equivalence relation on the space of solutions. 

Proposition 7. Every invariant solution of (|16p on G can be written up to equiv- 
alence as either 

(18) 77° = 2/ifcei - 77^=06^ rf^he^, rj^ = ce^ + ke^, 
where h>0, k>0,a>0 and c is an arbitrary constant, or 

(19) 7]° ^2h^e^ + fie^ , r/^ = aie^ + a^e"^ , rf^he^, rf = he^, 
where /i > 0, 04 7^ and 3ai/i — Qh^an — 04 — aim. 

Proof. Up to an inner automorphism, we can assume that 7/*^ is in (6^,6'*). Using 
(fT6)). we deduce that rj^^ — —jdif is a multiple of e^^ , meaning that 

(7;^7^3) = (e^e3). 

Up to a transformation of type (|17p , we can assume rf' = he^ for some positive 
constant h. 

Now suppose that rf^ is closed, and therefore 77-'^ G {e^,e^,e^). Then gives 

37/°12 _,_ ^ g4 ^ ^12 

Hence rp — —ye"* ge^ and 77* lies in {e^,e'^). The same argument applied to 
3j^031 _|_ yj^g4 ^ j^3i gjj^ows that 77^ is a multiple of e*, and so (fT8|) holds. Up to 
changing the signs of both e* and e^, we can assume a > 0. Finally, we can fix the 
overall orientation to obtain fc > 0. 

Suppose now that rj^^ is not closed, so that 

r]^=P + aie*, 04 7^ 0, /? G (e\ e^ e^) . 

By (|16p . dr]'^^ A is zero, and therefore drj"^ A e'^^ = 0, i.e. 7;^ = ke^ for some 
constant k. Since we are allowed to change the signs of both e* and e^, we can 
assume that k is positive. On the other hand every exact 2-form, as is drj'^^, gives 
zero on wedging with e*; so, by p6p /3 is in (ei,e2). The same argument applied 
to the last of ^TE\\ shows that /3 = oie* for some constant oi. 

Now write 7/" = ^le* -I- /^4e'*, where fJ-i ^ because 77° is not closed. Then (fTBl) 
can be rewritten as 

hk — — /ii, —ajt — /i(3ai/i4 — 3/.iia4 + aim), —a-ih = fc(3ai/i4 — 3/-iia4 -|- aim); 
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the solution is 

k = h , Ml = 2/i^ , 3ai/i4 = 6h^a4 — 04 — aim . □ 

5. The local metrics 

In order to give a local classification, i.e. classify invariant Einstein-Sasaki struc- 
tures on non-compact cohomogeneity one manifolds SU(2) x U(l) x it is 
now sufficient to solve the evolution equations (|10p using the solutions of Section [3] 
as initial data. Observe that taking into account the e'^ rotation of Lemma [H we 
must replace the bottom row of pU|) with 

dtT]^^ = 3r;"3 - drf -t- d7 A , dtr]^^ = -iif^ -d-fArj^- drf . 

Notice that e'^ does not depend on t. 
We shall distinguish among three cases. 

(i) The first case is given by (fT9|) when ai = 0. Then 6h^ — 1 = 0, and 

This family is closed under evolution; explicitly, setting e = \/6 for short, the 
"rotated evolution equations" are solved by 

77° = + ffccoset - , = sinete* , if^-e"^, rf^-e". 

3 V 3 / 2 e e 

It is not hard to check that, regardless of k and to, the resulting metric is the 

Kobayashi-Tanno metric on V2,4 described in Section [31 

{a) The second case is given by ([19]) when ai 7^ 0. We can set 04 — Cai, so that 
writing a for ai'. 

This family is closed under evolution for every choice of C . Indeed, the evolution 
equations read 

(20) ^h^^a, ^{ah)^h-&h^ . 

at at 

which we can rewrite as 

{2h'h^)' = -6h^ + h 

Fix initial conditions h(to) = ho, a(io) = ^o; we assume that {'rf{t)) is a well-defined 
{Id}-structure at t = to; a-nd therefore /iq 7^ 7^ oq. Up to changing the orientation 
of the 4-manifold — or equivalently, changing the sign of t in (|20p — we can assume 
that oq/io is positive. By continuity and non-degeneracy, a{t)h{t) > in 
Thus, the first of ([20]) tells us that dh/dt > in In particular, we can use 

dh 
dt ' 



h as the new variable; writing x = ([20)l gives 



4a;2 + 2hx— = 1-6^. 
dh 

We can solve this differential equation explicitly about /iq; the solution is 

x{h) = l^^A + h^-Ah^ , 
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where the sign of the square root has been chosen consistently with ho > 0, ao > 0, 
and ^ is a constant determined by the initial data. More precisely, by the first 
of (EOD 

A = 4ho'' - ho" + (ao/io)' . 
Since the function h Ah^ — h'^ has — as its minimum and Oq/io > 0, it follows 
that 

108 

By the above argument, h{t) is a solution of 

(21) h'{t)^^VA + hi-4h^; 

conversely, it is clear that every solution of ((2T|l gives rise to a solution of ([20| . 
However we do not need to solve ([21]) explicitly: it is sufficient to set 



(22) 



77" = 2h^{e' + Ce") - £±Z^e4 , ^1 = A + h^ - Ah^{e' + C e") 

3 h 

rf' = he^ , rf = he' , dt ^ dh . 



Whether this metric extends to a compact Einstein-Sasaki 5-nianifold depends only 
on the initial conditions, in a way that we shall determine in Section [T] 
{in) The structure can be rewritten as 

ff ^2{hk-bc)e^ -—e" , r]^=ae\ 7f = he^ + be^, ij^ = ce^ + ke^ , 
3 

where we can assume that a and hk — be are positive. We shall also assume that at 
least one oi h — k, b and c is non-zero, since otherwise we are reduced to case (ii). 
This family is closed under evolution: indeed, the evolution equations give 

{dt{ac) = -6c{hk -bc)-b dtiak) = -6k{hk - be) + h 
dt{ab) = -Qb{hk -be)-e dtiak) = -6h{hk - be) + k 
dt{hk — be) = a 

Any solution of these equations defines a local Einstein-Sasaki metric, which cannot 
however be extended to a complete metric, as we shall prove without solving (j23p 
explicitly. 

6. Extending to special orbits 

In Section[5]we have constructed invariant Einstein-Sasaki metrics on Gx(t_ , <+). 
The problem remains of determining whether one can extend the resulting Einstein- 
Sasaki structure to a compact cohomogeneity one manifold with diagram ([6]). In 
this section we study this problem in slightly greater generality. 

Given a differential form (or, more generally, a tensor) defined away from the 
special orbits, we want to determine conditions for it to extend to all of M. By 
Section [21 this problem reduces to extending a form on G {V\ {0}) to the zero 
section. Fix a left-invariant connection on G as a principal bundle over G/H, i.e. 
a i?-invariant one- form w: g — > f) extending the identity on f). Then the tangent 
bundle oi G Xh V can be identified with 

(GxV) xh (j^®V 
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where the principal H action on G x y is given by {Rh,p{h ^)). Exphcitly, the 
identification is induced by the -ff-equivariant map 

(24) T{G xV)B {g, v; A, v') ^ (A^/^ - ^{A) ■ v) e ® V , 

where we have used the triviahzation of T{G x V) given by left translation. 
A differential form on G XhV can be viewed as a iJ-equivariant map 

t:Gx (y\{0})^ a* (I®^ 

the form is invariant if the map r is also G-invariant, i.e. T{gh,v) = T{h,v). So 
invariant forms are il-equivariant maps 



r: y\{0}^ A* = A*|® A*F. 

Now decompose the target space of r into irreducible i/-modules. It is clear that 
r extends smoothly across if and only if its components extend. Thus, we only 
need to determine when an equivariant map 

t: V\{0}^W 

extends, where W is an irreducible ff-module. 

For the rest of this section we shall assume that H = U(l) and K = Z„ is 

the cyclic subgroup of order a; this is essentially the only situation wc will need 
to consider in this paper. The representations of H are modeled on C, on which 
we shall use both polar and Euclidean coordinates, writing the generic element as 
X + iy ~ re*^ . More precisely, the non-trivial irreducible representations of H are 
two-dimensional real vector spaces Vn = C, on which e*^ acts as multiplication by 
e'"^. We have 

The U(l)-space 1/^ — C has a canonical section [0, H-oo) C C, and any equivariant 
map from T4- to 14 is determined by its restriction to this section. 

Proposition 8 (Kazdan- Warner). A non-zero smooth map 

r: [0,-Foo) ^ Vn 

extends to a smooth equivariant map defined on all of if and only if a divides n 
and the k-th derivative of t at zero vanishes for 



fc = 0,1,. 



n 


-1, 


n 


+ 1, 


n 








a 




a 




a 



+ 3. 



Proof. Set m = n/a. The equivariant extension of r to M C 14 must satisfy 

T(-r) = i-irrir) , 

implying that m is integer. Wc need this extension to be smooth, which is equivalent 
to requiring that the odd derivatives at zero vanish if m is even, and the even 
derivatives vanish if m is odd. The equivariant extension of r to 14 is given in 
polar coordinates by 

/(r,0)=T(re*'') = e""^T(r) . 
Set f{rcos0,rsm6) = f{r, 6). If / is smooth at the origin, then 

r'e'"-' ^ (0) = -'ium 0)=r'jz cos^ sin'^- ^^^^ (0, 0) 
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is a homogeneous polynomial of degree k in rcos9, rsin^. This condition is also 
sufficient for / to be smooth [T7]. On the other hand, it is easy to check that 
^k^ime j^Q^ homogeneous polynomial of degree k unless k — \m\ is even and 
non-negative. □ 

We now illustrate the method in the case of G = SU(2) xU(l). On the Lie algebra 
of G, fix a basis ei, . . . , 64 such that the dual basis satisfies (|12p. If we identify SU(2) 
with unit quaternions and its Lie algebra with imaginary quaternions, our choice 
can be expressed as 

ei = i/2, 62 = j/2, 63 = fc/2. 

In particular, we see from this that ei has period An. Let H be the connected 
subgroup of G with Lie algebra spanned by 

^ = P61 + qe4 , 

where p/2 and q are coprime integers. Then ^ has period 27r, and we can identify 
H with U(l). The adjoint action of H on g* is trivial on {e^, 6*), and so its action 
is determined by 

e'^ • = cosp9 + sm-pQ e" , e*^ • 6^ = - sin p6' + cospfl . 

So, for instance, the space of G-invariant 2-forms is identified with the space of 
U(l)-invariant maps from Vo- to 

More explicitly, fix the connection form 

1 



p2 _|_ ^2 



{pe} + qe 



4\ 



where we have used ^ to identify f) with M. This choice determines a horizontal 
space — (gei — ^64, 62, 63), and realizes the identification map ([M)) as 

(Id,r;A,i;') ^ (^,^'') , A G f)-^ 
(Id, r; pei + 964, w') (0, v - ard/ dy) 
By duality, we see that: 

• the 1-forms e^, and qe^ —pe'^ are mapped to the corresponding elements 

of(0A)*; 

• the connection form is mapped to ~-^dy. 

This is all one needs to know in order to translate a differential form (or a tensor) 
into an equivariant map r, and apply the criterion of Proposition [51 

7. From local to global 

We can now apply the criteria from Section [S] to determine conditions for the 
local metrics of Section [S] to extend smoothly across the special orbits. Consider 
the one-parameter family of {Id}-structures 

^25) U-me'+Ce^)-^^e\ = A' [e' + Ce') , 

[ T]'^ ^ he^ + be^ , rf'^ce^ + ke', 

where we have set 

A = hk- be. 
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and we assume the constant C + m and the functions A(i), A'{t) to be non-zero 
in the interval In particular, solutions of the evolution equations ()22|) or 

are of this form. Recall from Proposition [3] that the principal stabilizer K is 
contained in a torus T^; by the expression of ([25|) . it follows that the Lie algebra 
of is spanned by ei and 64. 
We introduce the variables 

r± = ±(t± - t) , 

so that the special orbit G/H± corresponds to r± = 0. For brevity's sake, we shall 
drop the subscript sign and simply write r rather than H±, r±. We shall refer 
to the point r = as the origin, and say that a function /(r) on [0,e), e > is 
odd (resp. even) at the origin if it extends to a smooth odd (resp. even) function 
on (— e, e). We can now determine conditions on the functions h, k, &, c, and A in 
order that the metric extend smoothly across each special orbit. 

Lemma 9. The one-parameter family of {Id} -structures (j25p defines an invariant 
\J (2) -structure on the cohomogeneity one manifold G x (t_,f+). If this structure 
extends across the special orbit G/H, then 

• Ho ^ SU(2) X {1}, p^{hb + ck) is even, and 

are even functions, all taking the value j at the origin; or 

• Hq ^ U(l), with Lie algebra f) — (pei + qe^), where p/2 and q are coprime 
integers satisfying p -\- qC > 0; 

A , /i^ + + 6^ + fc2 
are even functions satisfying 

where a is the order of K C] Hq, and hk -\- be, h'^ + c^ — b'^ — fc^ are smooth 

functions that, if p ^ 0, vanish at the origin. 
The first condition is also sufficient, whereas the second one becomes sufficient if 
hk -t- be and h^ -\- — b^ — fc^ are identically zero. 

Proof. We think of a U(2)-structure as defined by a 1-form a, a 2-form lui and a 
Riemannian metric g; the U(2)-structure extends across a special orbit if and only if 
these tensors extend smoothly, while remaining non-degenerate. Assume first that 
H has dimension three. By the final remarks of Section [21 the identity component 
of H is the subgroup SU(2) x {!}, and the normal bundle at G/H is given by ([7]). 
Thus, V is the 4-dimensional irreducible representation of SU(2) and 

GxhV = Vx U(1) . 

In particular we can identify G/Kx {t-, t+) with an open set in V^x U(l). Explicitly, 
we define V to be the field of quaternions, identifying SU(2) with the unit sphere 
in V, acting on the left. 

We write the generic element of y as + x^i + x^j -\- x^k, and identify r with 
the radial coordinate 

r = ^J{X^Y + (xl)2 + (x2)2 + (x3)2 . 
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Then 







- x^dx° 


- x^dx^ 


+ x^dx^) 






+ x^dx^ 


- x^dx° 


- x^dx^) 






— x^dx^ 


+ x^dx^ 


- x^dx°) 




- (x°dx'' H 
r 


- x^dx^ - 


\- x^dx^ - 


F x^dx^) 



where the sign of ^dt depends on the special orbit G/H± we consider, and the 
coefficient 2 is a consequence of our choice (|12p . Rewriting in these terms the 
2-form 

uji = A'(ei + Ce*) A + Ae^^ , 

we see that uji is smooth and non-degenerate at the origin only if A' ~ so 
that 

2A 

wi - — {2dx^ A dx^ - 2dx° A dx^ + Ce^ A + x^dx^ + x^dx^ + x^dx^)) . 

Hence, A/r^ is even and non-zero at the origin. In particular a is smooth, and it 
does not vanish at G/H since C + m^Q. Moreover A(0) = = A'(0). The rest of 
the statement now follows from the fact that the metric tensor dt®dt + rf (g) if 
has the form 

(4A2 + (A')')ei®ei+ ^(^2CA 
-h (C(A')^ + 2A ( 2CA- 




3 

(fc^ + b^)e' ^e'^ {hb + ck)e^ Q + dt (g) dt 



and thus smoothness requires 



4A2 + (A')' ^h^ + c^ ^k^+b^ ^ -r^ . 

4 

Now suppose H is one-dimensional, so that Hq = U(l). Then A is non-zero at 
the origin. Indeed, assuming otherwise, we shall prove that a is not smooth. In 
general, we are not allowed to replace H with Hq, since a smooth invariant form on 
G XHgV does not necessarily correspond to a smooth form on G Xh V. However, 
the converse always holds. Thus, we can apply the language of Section [5] in order 
to prove that a is not smooth. Let the Lie algebra of Hq be spanned by 

^ = pei + p'e2 + p"e3 + q^i ■ 
The connection form corresponding to Hq has the form 

pe^ +p'e'^ +p"e^ + qe^ 

Since a(C) = 2pA + q{2CA - ^^), we can write 

a ^ -I- (^2pA + q (^2GA - dy (mod (fl/t))*) , 

So if A(0) were zero, then a could only be smooth if C + m = 0, which is absurd. 
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Having shown that A(0) 7^ 0, we can conclude that the isotropy representation 
of H fixes e^, and so H is contained in . Recall from Section[2]that this condition 
ensures that ([7]) holds; so, it is now safe to replace H with Hq. 

Let the Lie algebra of H be generated by ^ = pei + 564, where | and q are 
coprime integers. Write 

a = 2pA + q 2CA — dy+ 2qA - p 2CA \ \ y 



ar \ ^ 3 J J " \ ^ \ 3 J J P^ + 

By Proposition [21 a is smooth if and only if 



Write 



2{p + gC)A(O) - ^^'^^"''^ = , A is even. 



t^i = (p + iyC)— Adw + A'(g-pC)^^^T5 — ^ Adx + Ae'^^ 
ar + 



We already know that A(r) is even; hence, 

A'W = -W=T^M 

is odd, implying that uji is smooth. On the other hand, requiring that ui be 
non-degenerate gives 

A"(0)^0, p + qCy^O. 
Replacing ^ with — ^ if necessary, we can assume that p + qC is positive. The metric 
tensor can be decomposed as 

/ 1 4\ /I 4\2 

/ qe — pe \ / qe — pe 
dx®dx + s{dy ®dy) + f [dyQ — — ] +g \ — 5- 

\ p-^ + q-^ J \ p'^ + q^ 

+ {h^ + c2) (e^ (g, e') + + fc2) (g, e^) + (/ife + ck)e^ 

whence 



9(C + m) 



2 



^ = ^|^(^2(p-|-gC7)A-:i^^j +(p + gC)^(A')^j 

must be even and s(0) = 1. The former condition is automatic, whereas the latter 
gives 

|A"(0)| = . 

p + qC 

Moreover / must be odd, g must be even, and g, h"^ + k'^ + + must be non-zero 
at the origin; all these conditions follow from those we have already obtained. The 
rest of the statement follows from the fact that (8) + e'^ e'^ is i7-invariant, 
whereas 

2 „3 ^ „3\ 



(e^ e'',e^ - e 



e 



is isomorphic to V2p. □ 
We can now prove the main result of this section. We shall use the identification 
r2 ^ |(exp26lei,expV'e4) E SU(2) x U(l)} {{e'^e'"^) E U(l) x U(l)} . 



Theorem 10. There is no solution of (j23p that defines an Einstein- Sasaki metric 
on a compact manifold. The Einstein-Sasaki structure (|22p extends to an invariant 
Einstein- Sasaki structure on the compact cohomogeneity one manifold with diagram 
(jHI if and only if: 
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• A — 0, K is a finite subgroup of intersecting (-ff+)o in- o, group of order 

- (SU(2) X {1}) . K , 

where q and ^{qm + a) are coprime integers, and a = ^■^(C' + m)q. The 
resulting Riemannian manifold is locally isometric to . 

• A < 0, K is a finite subgroup of intersecting {H±)q in a group of order 

where q± and \{q±m + a±) are coprime integers, and the equation 

(26) A + - 4A''' = 
has two distinct roots A_, A+ such that 

q± 1 6A± 

cr± C + m 1- 6A± ■ 

Then the Einstein- Sasaki structure is quasi-regular if C is rational, and 
irregular otherwise. 

Proof. In ((23)) . we can assume that at some t — to 

h,k,A'>0, b^O, {k-h,c) ^ (0,0) . 

Introduce the variables 

u = h + k , V = h — k , z = b -\- c , w = b — c ; 

by above, either u,v ^ ai t — to or we can apply a transformation of type (jl7p 
to obtain u,v y^O. Then about to ((23l) reads 

(27) A" + 6A = -1 - A'- = 1 - A'— = 1 - A'- = -1 - A'- 

Z W U V 

Every solution of (|27p satisfies w = Xu and z = fiv, where A and /i are constants. 
Thus 

A 1^ 2 2 2 _L 2^ f l±^\ 2 f l±J^\ 2 

This motivates us to set U — -^^^S^m, V = ^^2^ v, transforming (|77|) into 

(28) A" + 6A = 1-A'— = -l-A' — , A' ^ ^, ^, , A = U^-V^. 

These equations only make sense at points where U,V 7^ 0. However, U cannot 
vanish in (i_,t+) because A is positive, and if V were zero at some to in {t-,t+) 
then it would be zero on all the interval, as one can see by applying a transformation 
of type pT|) and reducing to case (ii) of Section [5l 

Suppose that H is one-dimensional. Since C = 0, Lemma |9] implies that p > 0, 
and 

hb + ck = -{X + fi)uv , ft,^ + - 6^ - fc^ = (1 - X^)uv 
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must vanish at the origin. So, U{0)V{0) = 0. Since, again by Lemma [H A is a 
smooth function with A(0) > 0, it foUows that V^(0) = 0, [/(O) ^ 0. Now observe 
that 

(29) + + =^ + 2A = - 2A , 

is even by Lemma [9l so that [/^ and V'^ are also even. This implies that U, V are 
smooth functions, and U' /U vanishes at 0. By ([28| . it follows that 

Hm = 1™ ~ I ^ ~ TT I = lim — ^ = —oo . 

r^O V r~>0 \U V J r^O A' 

On the other hand, since V{r) is non-zero for all r > we have 

dV 

lini > . 

r^O V 

Since dr — ^dt, we conclude that this possibility may only occur at t^.. 

Suppose now that H has dimension three. Then Lemma [9] and ([29|) imply that 
y^/r^, U"^ /r^ are even. Dividing ([29|) by and evaluating at the origin, we find 
U"^ jr^ = i, F^/r^ = at the origin. It follows from pS)) and Lemma [H that 

1 ,V' 1 rF' 
- = -1 - lim A' — = -1 ± - lim 

2 r^O y 2 r^O 

and so we reach the contradiction 

rV 

< lim = T lim = -3 . 

r^O V r^O V 

This completes the proof of the first part of the theorem. 

Now consider a solution of ((22)) . By Lemma [H at the origin either h = or 
{h?)' — 0. The first possibility can only occur if A = 0. In this case, (|2ip gives 



and thus A = ft,^ is a smooth even function such that A"(0) = i. Then, by 
Lemma [HI Hq = SU(2) x {1} and the structure extends across G/H. Notice that 
one cannot have h — sd both special orbits, because otherwise h' would have to 
vanish at some point in between. On the other hand, h' vanishes at both special 
orbits if and only if A is negative. 

Suppose that h' — a,t the origin. It follows from (PT|) that A is automatically 
even, and Lemma [HI only requires that, at the origin, 

q{C + m) a 

where we have used a formula analogous to (P7|) to express A" in terms of A. Since 
a is determined up to sign, we can write 

o- 6A(0) 

^^""^ '^= C + ml-6A(0) ' ^ = 9- + -- 



The condition h' = means that A(0) is a root of ((26l 
Thus, if A = 0, A(i+) = i and dSni) gives 
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the remaining conditions on p, q and a follow from Lemma [H A straightforward 
computation shows that the Riemannian metric has constant sectional curvature, 
and therefore the Riemannian manifold we obtain is locally isometric to S^. 

If A is non-zero, both special orbits are three-dimensional and satisfy (j30[) . which 
together with Lemma [9] determines the required conditions. Finally, the statement 
about regularity follows from the fact that the characteristic vector field is Cei — 64, 
up to an invariant function. □ 

It was proved in 13J that there are countably infinite values of A in the interval 
-jig < A < for which (gH]) has roots A+, A_ with A+ - A_ e Q. One can show, 
using ((26)) . that for any such value of A and any choice of m there exists a value 
of C satisfying the hypotheses of Theorem [101 Moreover, there also exist infinite 
values of A for which both A+ and A_ are rational, so that C is also rational and 
the metric is quasi-regular. 

Remark. It follows from (f22|) that the right action of on G preserves the U(2)- 
structure. One can then replace G with a subgroup 



that acts transitively on G preserving the Einstein-Sasaki SU(2)-structure. Since 
D K, H± is abelian, this action is well defined on the cohomogeneity one mani- 
fold ([6]). Thus, we discover that the cohomogeneity one action can be assumed to 
preserve the SU(2)-structure, which amounts to setting m = in ([22]) . 

By the above remark, there is no loss of generality in assuming m = 0. Thus, we 
recover the Einstein-Sasaki metrics of [ilS . Indeed, introduce coordinates {9,ip,(j)) 
on SU(2) = as in a coordinate a on U(l) such that — da, and a 

coordinate y on (i_,t+) such that y = 1 — 6A. Set 



Then our family of local Einstein-Sasaki metrics can be written as 

^—^(d0^ + sin^ 9d(f>^) + —dy^ + —wq{d(3 + cos9d(f>f + 
6 wq 36 

1 9 
+ -{d^p- cos 0d(j} + y{dl3 + cos Odcj))) 
9 

which is the local form of a F^^' metric if A < 0, and the standard metric on the 
sphere if A = 0. 



We can finally prove that the only cohomogeneity one Einstein-Sasaki 5-manifolds 
are the YP^^. 

Theorem 11. Let M fee a compact, simply- connected Einstein- Sasaki 5-manifold 
on which the group of isometrics acts with cohomogeneity one. Then M can be 
represented by the diagram where 



SU(2) X U(l) cGxT^ 




8. Classification 
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the integers q±, a± satisfy Theorem \10\. and the metric is given by (|22|). Moreover, 
M is diffeomorphic to x . 

Proof. Since the group of isometrics of acts in a homogeneous way, M is not 
isometric to S^. Thus, by Theorem 1101 and the subsequent remark M can be 
represented by the diagram K C H± C G, where i^T is a finite subgroup of 
intersecting {H±)q in a group of order a±, and 

H±^{ (e^'^i*^ e«±*^) eT^,e eM.Y K . 

Now define K, H± as in the statement; then H±/H± = K/K. Thus, up to an 
equivariant covering map M is represented by the diagram K C H± C G. Since M 
is simply connected, this covering map is actually a diffeomorphism. 

Recall from Section [2] that the diagram determines M only up to a glueing map. 
However, in our case K is contained in the center of G, and so the diagram does 
determine M up to equivariant diffeomorphism. 

To determine the topology of M, we make use of Smale's classification theo- 
rem |19) : indeed, the existence of an Einstein-Sasaki metric implies that M is spin, 
whence it suffices to prove that 

iJ2(M)=Z, 7ri(M) = 0. 

Let D± be the 2-dimcnsional disc, and write M = C/+U[/_, where U± = Gxhj_ D±. 
Then G/H± is a retract oi U±, whereas G/K is a. retract of U+ D Define loops 
74, 7± : 5^ -> G by 

74(e'*) = exp(ie4), 7±(e**) = exp(icr±ei -I- tq±e4) . 

It is not difficult to show that 

Z7+ ® Z7_ ® Z74 



7ri(G/i^) 



(ct+7+ - g+74, (T-7- - g-74) ' 



(^t7t - '?T74,g±74) 
By the Van-Kampen theorem, it follows that 

Z74 



7ri(M) = 



74,5-74) 



and so M is simply connected if and only if and q^ are coprime. On the other 
hand the Mayer- Vietoris sequence gives 

H2{U+) e H2{U.) ^ H2{M) ^ Hi{U+ n [/_) ^ Hi{U+) e Hi{U-) 

By above, we conclude 

H2{M) ^ keij - Z(g+q_74) = Z , 
where we have used the fact that q^ and g_ are coprime. □ 
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